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Preliminaries

1.1 Sets of Numbers

The most familiar set of numbers is the set of natural numbers, denoted as

N = {1, 2, 3, 4, . . . }.

The set of natural numbers, N, is sufficient for counting, but it lacks the ability to represent

differences. For instance, the equation

3 + x = 1

has no solution in N, necessitating the introduction of negative numbers, forming the set of

integers, Z. By considering the negation of N, we extend our number system to include the

integers, forming the set

Z = {. . . ,−3,−2,−1, 0, 1, 2, 3, . . . }.

However, even Z is not sufficient. Consider the equation

2x = 5

This equation has no solution in Z, leading to the need for fractions or rational numbers,

defined as

Q =

{
p

q
| p, q ∈ Z, q ̸= 0, gcd(p, q) = 1

}
.

For example,

Q =

{
−3

4
, 0,

1

2
, 2,

5

3
, . . .

}
.

It can also be expressed as

Q = Z× Z/ ∼

where ∼ is the equivalence relation given by a
b = c

d if and only if ad = bc.

Despite this, Q is still not sufficient.
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Theorem 1.1.1

There is no rational number whose square is 2.

Proof. If x were rational, we could write x = p
q with p, q ∈ Z and gcd(p, q) = 1. Substitut-

ing, we get (
p

q

)2

= 2 ⇒ p2 = 2q2.

This implies p2 is even, so p must also be even, say p = 2k. Substituting,

(2k)2 = 2q2 ⇒ 4k2 = 2q2 ⇒ 2k2 = q2.

Thus, q2 is also even, meaning q is even. But this contradicts our assumption that gcd(p, q) =

1, proving that no rational number satisfies x2 = 2.

This leads to the discovery of irrational numbers, numbers that cannot be expressed as a

fraction of integers. To accommodate such numbers, we construct the real number system,

R. The rationals Q form a subset of the real numbers, R, which is obtained as the completion

of Q using Cauchy sequences. The real numbers include both rationals and irrationals, such

as

R =

{
−
√
5,−1, 0,

1

2
, π, e,

√
2, . . .

}
.

Even R is not enough to solve all equations. Consider

x2 + 1 = 0.

Rearranging,

x2 = −1.

There is no real number whose square is negative. To resolve this, we introduce a new

number i, called the imaginary unit, defined by

i2 = −1.

We then extend our number system further by introducing the complex numbers, denoted

as C, which include all numbers of the form

C = {a+ bi | a, b ∈ R, i2 = −1}.

Examples include

C = {2 + 3i,−1− i, π + i, 0, . . . } .

The hierarchy of number sets follows the subset relation:

N ⊂ Z ⊂ Q ⊂ R ⊂ C.

However, complex numbers are not the end. Beyond C, we encounter the quaternions,

denoted as H, which extend the number system further. But for now, we conclude our
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discussion here.

1.2 Well-Ordering Principle

The Well-Ordering Principle states that every non-empty subset of the natural numbers N
has a least element. That is, if S is a non-empty subset of N, then there exists an element

m ∈ S such that for all s ∈ S, we have m ≤ s. Formally:

∀S ⊆ N, (S ̸= ∅) ⇒ ∃m ∈ S such that∀s ∈ S, m ≤ s

This principle implies that the natural numbers are well-ordered, as every subset of N has

a minimum. The Well-Ordering Principle is closely related to the Axiom of Choice in

axiomatic set theory, and in fact, it can be derived from it.

1.3 Number Theory

Number Theory is loosely the study of the properties of the natural numbers N and integers

Z. It is one of the oldest branches of mathematics, focusing on the relationships between

numbers, particularly concerning their divisibility, primality, and arithmetic properties.

Key topics in number theory include the study of prime numbers, divisibility, congruences,

Diophantine equations, and number-theoretic functions. Number theory also explores more

advanced subjects like quadratic forms, modular forms, and the distribution of prime num-

bers.
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Divisibility

2.1 Basics

Definition 2.1.1: Divisibility

We say that an integer a divides another integer b, written as a | b, a, b ∈ Z with

a ̸= 0, if ∃x ∈ Z such that

b = ax.

We then say that a is a divisor of b.

Div(b) = a ∈ Z : a | b

In another words, a | b =⇒ ∃ a solution x to the equation ax− b = 0 over Z.

Theorem 2.1.1

1. ∀x ∈ N, x | 0.

2. a | b & b | c =⇒ a | c.

3. a | b & b | c =⇒ a | (bx+ cy)∀x, y ∈ Z

Proof. 1. By definition, x | 0 means there exists k ∈ Z such that 0 = xk. Choosing

k = 0, we get 0 = x · 0, which holds for all x ∈ N.

2. Since a | b, there exists m ∈ Z such that b = am. Similarly, since b | c, there exists

n ∈ Z such that c = bn. Substituting b = am into c = bn, we get c = a(mn), implying

a | c.

3. Since a | b, we write b = am for some m ∈ Z. Similarly, a | c implies c = an for some

n ∈ Z. Then,
bx+ cy = (am)x+ (an)y = a(mx+ ny),

where mx+ ny ∈ Z, so a | (bx+ cy).

6
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Theorem 2.1.2: The Division Algorithm

Given a, b ∈ Z with a > 0, there exist unique integers q, r ∈ Z such that

b = aq + r, 0 ≤ r < a.

Proof. Consider a set

S = b+ ka : k ∈ Z, b+ ka ≥ 0

if b > 0, k = 0 & S is non-empty.

If b < 0, add a enough times to set b+ ka > 0. By Well-Ordering Principle (WOP), S has

a smallest element r = b+ ka, for some k.

If we set q = −k, then we have:

r = b− qa =⇒ b = aq + r

Obviously, r ≥ 0 since r ∈ S. Also, r < a, as otherwise, b+(k−1)a > 0 but b+(k−1)a < r,

and therefore contradicts minimality of r.

∴ 0 ≤ r < a

2.2 Primes

Definition 2.2.1: Prime Number

An element p ∈ N, p > 1, is prime if q | p =⇒ q = 1 or q = p. Equivalently,

Div(p) = {±1,±q}

Example.

2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43 - how many primes are there? The biggest

prime found till now is 2136,279,841 − 1. Mersenne primes are primes of the form 2p − 1,

where p is also a prime.

Theorem 2.2.1: Prime Factorization

Every positive integer greater than 1 can be written as a product of primes.

Proof. Let S to be the set of positive integers that cannot be written as a product of

primes. Let N be the smallest element, N > 1, and N is not prime. ∴ N = mn for some

1 < m,n < N .

Since m,n < N , they have to be prime, as otherwise they contradict the minimality of N .
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n = (−1)ε(n)
∏
p

pa(p)

Where, ε(n) =

1 if n < 0

0 if n > 0

a(p) = order of n at p. a is the smallest non-negative integer such that pa | n but pa+1 ∤ n.

Theorem 2.2.2: Bézout’s Identity

For any integers a and b, there exist integers x and y such that

ax+ by = gcd(a, b).

We will use this theorem for the next lemma.

Lemma 2.2.1

If p is prime and p | ab, then p | a or p | b.

Proof. Assume p ∤ a. g = gcd(a, p). Since p is a prime, g = 1 or p. But if g = p, then p | a,
which is so g = 1.

From Theorem 2.2.2, ∃x, y ∈ Z : ax+ py = 1

=⇒ b = bax+ pby

We have that p | (bax+ pby). Since p | ab ∴ p | b

Corollary 2.2.1

If p is a prime and p | a1a2 . . . an, then p | ai for some i.

Proof. n = 1 is obvious.

n = 2 is what we proved in Lemma 2.2.1.

Assume that this is true for n = k. For n = k + 1

assume

p | a . . . ak︸ ︷︷ ︸
A

ak+1︸︷︷︸
B

So, p | AB =⇒ p | A or p | B
If p | A =⇒ p | a1 . . . ak =⇒ p | ai for some 1 ≤ i ≤ k

or else, p | B =⇒ p | ak+1 ∴ p | ai for some 1 ≤ i ≤ k + 1

Theorem 2.2.3: Fundemental Theorem of Arithmetic or

Unique Factorization Theorem

Every positive integer can be written uniquely as a product of primes upto reordering.
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Proof. The existence of prime factorization is already proved in Theorem 2.2.1. Now, we

have to prove the uniqueness.

Suppose that there is an integer n with two different factorings.

n = p1p2 . . . pr = q1q2 . . . qs

Now,

p1 | n

=⇒ p1 | q1 . . . qs

Means p1 | qi for some i.

Since p1 and qi are primes, p1 = qi.

p1 . . . pr = q1 . . . qi−1p1qi+1 . . . qs

=⇒ n′ = p2 . . . pr = q1 . . . qi−1qi+1 . . . qs

n′ is not in the set of counterexamples. [n′ < n]

Therefore, r − 1 = s− 1 =⇒ r = s

Also, p2 . . . pr is a permutation of qi−1qi+1 . . . qs.

Theorem 2.2.4: Euclid

There are infinitely many primes.

Proof. Assume that there are finitely many primes, p1 . . . pn

define p = p1p2 . . . pn + 1

pi ∤ p ∀i
p must have a prime divisor since p is not prime. But we have a contradiction.

∴ p1 . . . pnp are n+ 1 distinct primes.

Definition 2.2.2: Riemann Zeta Function

The Riemann Zeta Function is defined as

ζ(s) =

∞∑
n=1

1

ns
, for ℜ(s) > 1.

For its Euler product formula, valid for ℜ(s) > 1 :

ζ(s) =
∏

p prime

1

1− p−s

∞∑
n=1

1

ns
=

∏
p prime

1

1− p−s
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Using the geometric series sum

1

1− p−s
=

∞∑
m=1

1

pms

So, ∏
p prime

1

1− p−s
=

∏
p prime

∞∑
m=1

1

pms

= (1 +
1

2s
+

1

22s
+ . . . )(1 +

1

3s
+

1

32s
+ . . . )(1 +

1

5s
+

1

52s
+ . . . )

= 1 +
1

2s
+

1

3s
+

1

4s
+

1

5s
+ . . .

We set, ∏
p prime

∞∑
m=1

1

pms
=

∞∑
n=1

ann
−s

By the fundemental theorem of arithmetic, ∀n, an = 1

∞∑
n=1

n−s =
∏

p prime

1

1− p−s

We set s = 1 to get
∞∑

n=1

n−1 =
∏

p prime

1

1− p−1

∑
1
n is the harmonic series which diverges.

∴ The product on the R.H.S. should be over an infinite index, as otherwise it will converge.

Which implies that there are infinitely many primes!

2.3 Distribution of Primes

Gauss conjectured that the distribution of prime numbers can be approximated by

1

log x

π(x)= the number of primes less than or equal to x. Then,

π(x) ∼ x

log x

In asymptotic notations, if f(x) ∼ g(x), then

lim
x→∞

f(x)

g(x)
= 1.

A more precise approximation is provided by the logarithmic integral

Li(x) =

∫ x

2

dt

log t
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The Prime Number Theorem (PNT) states that:

π(x) ∼ Li(x),

which was proven independently by Jacques Hadamard & Charles Jean de la Vallée Poussin

in 1896.

von Mangoldt’s Explicit Formula relates the sum of the Von Mangoldt function Λ(n) to

the nontrivial zeros of the Riemann Zeta Function.

We define the von Mangoldt Function Λ(n) as

Λ(n) =

log p, if n = pm for some prime p and integer m ≥ 1,

0, otherwise.

The Chebyshev Function ψ(x) is given by

ψ(x) =
∑
n≤x

Λ(n)

von Mangoldt’s Explicit Formula states that

ψ(x) = x−
∑
ρ

xρ

ρ
− log 2π − 1

2
log(1− x−2)

ρ is the sum running over all the nontrivial zeros of the Riemann Zeta function ζ(s).

2.4 The Riemann Hypothesis!

The Riemann Hypothesis, proposed by Bernhard Riemann in 1859, is one of the most

important unsolved problems in mathematics. It states that all nontrivial zeros of the

Riemann Zeta function ζ(s), defined for ℜ(s) > 1 by the series

ζ(s) =

∞∑
n=1

n−s

and analytically continued elsewhere, lie on the critical line ℜ(s) = 1
2 . That is, if ζ(s) =

0 and s is not a negative even integer (trivial zero), then s = 1
2 + it for some real t.

The hypothesis has deep implications in number, particularly in the distribution of prime

numbers, as the nontrivial zeros of ζ(s) appear in explicit formulas for the prime counting

function π(x). Extensive numerical calculations confirm that the first trillions of nontrivial

zeros lie on the critical line, but no general proof is known. The Riemann Hypothesis

remains one of the Millennium Prize Problems, with a $1 million reward for a correct proof

or disproof.
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The Error Term in the Prime Number Theorem

In earlier estimates of the error term, it was suggested that the deviation of π(x) from its

leading asymptotic term is at most on the order of
√
x. Although this bound is not optimal,

it provides insight into the distribution of prime numbers.

Connection to the Riemann Hypothesis

A much sharper result states that if the Riemann Hypothesis holds, then:

π(x) = Li(x) +O(
√
x log x).

This significantly improves the error term and highlights the deep connection between the

zeros of the Riemann zeta function and the distribution of primes.
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Abstract Algebra Review

3.1 Groups

Definition 3.1.1: Group

A group is a set G equipped with a binary operation ∗ satisfying the following

properties:

• Closure: For all a, b ∈ G, the result of the operation a ∗ b is also in G:

a ∗ b ∈ G, ∀ a, b ∈ G.

• Associativity: The operation is associative, meaning that for all a, b, c ∈ G,

(a ∗ b) ∗ c = a ∗ (b ∗ c).

• Identity Element: There exists an element e ∈ G such that for all a ∈ G,

e ∗ a = a ∗ e = a.

• Inverse Element: For each a ∈ G, there exists an element a−1 ∈ G such that

a ∗ a−1 = a−1 ∗ a = e.

A set G together with a binary operation satisfying these four properties is called a

group.

Example.

(Q,+), (Z,+), (R, +), (Q\{0},×)

13
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Example.

Define

M2×2(R) =

{(
a b

c d

)
: a, b, c, d ∈ R

}
.

Then with usual matrix addition +, (M2×2(R),+) forms a group.

Proof. We want to verify the group axioms

1. Closure: Let A =

(
a1 b1

c1 d1

)
and B =

(
a2 b2

c2 d2

)
be two elements ofM2×2(R). Then,

A+B =

(
a1 + a2 b1 + b2

c1 + c2 d1 + d2

)

is also an element of M2×2(R). So, M2×2(R) is closed under addition.

2. Associativity: Matrix addition is associative.

3. Identity: The zero matrix

(
0 0

0 0

)
is the identity element.

4. Inverses: For any A =

(
a b

c d

)
, the inverse is −A =

(
−a −b
−c −d

)
. So, inverses exist.

Hence, (M2×2(R),+) is a group.

but, M2×2(N) =

{(
a b

c d

)
: a, b, c, d ∈ N

}
is not a group because the inverse axiom

does not satisfy.

Are groups necessarily commutative?

No, but if they are commutative they are a special type of group, namely Abelian group.

Definition 3.1.2: Abelian Group

A group G is called an Abelian group if it satisfies the commutative property:

a · b = b · a, ∀a, b ∈ G.

That is, the binary operation is commutative for all elements in the group.
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Example.

(Z,+) is an abelian group.

3.2 Rings

Definition 3.2.1: Ring

A ring is a set R equipped with two binary operations, usually called addition (+)

and multiplication (×), such that:

1. (R,+) is an abelian group.

2. Multiplication is associative: for all a, b, c ∈ R,

(a× b)× c = a× (b× c).

3. Multiplication distributes over addition: for all a, b, c ∈ R,

a× (b+ c) = (a× b) + (a× c), and (a+ b)× c = (a× c) + (b× c).

Example.

(Z,+,×) is a ring. (We have previously seen that (Z,+) is an abelian group.)

A more general example could be for some fixed n,

nZ = {nk : k ∈ Z}

(nZ,+,×) is a ring .

Example.

Define

M2×2(R) =

{(
a b

c d

)
: a, b, c, d ∈ R

}
.

Them, (M2×2(R),+,×) is a ring.

Proof. We look at the definition again,

• M2×2(R) is an abelian group under +,

• We show that M2×2(R) is closed under matrix multiplication.

Let A = (aij) and B = (bij) be two arbitrary matrices in M2×2(R), where

A =

(
a11 a12

a21 a22

)
, B =

(
b11 b12

b21 b22

)
.
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The product of A and B is defined as

(AB)ij =

2∑
k=1

aikbkj .

Expanding this for a 2× 2 matrix

AB =

(
a11b11 + a12b21 a11b12 + a12b22

a21b11 + a22b21 a21b12 + a22b22

)
.

Since the entries of A and B are real numbers, each entry in the resulting matrix is

also a real number. Thus, AB is an element of M2×2(R).

• We need to show that for any three matrices A,B,C ∈M2×2(R), the following holds

(A×B)︸ ︷︷ ︸
D

×C = A× (B × C)︸ ︷︷ ︸
E

.

Let

A = (aij), B = (bij), C = (cij)

be three arbitrary 2× 2 matrices, where their elements are real numbers.

Now,

L.H.S = D × C

=

2∑
l=1

(A×B)ilclj

=

2∑
l=1

(
2∑

k=1

aikbkl

)
clj

=
∑
l,k

aikbklclj

R.H.S. = A× E

=

2∑
k=1

aik(B × C)kj

=

2∑
k=1

aik

(
2∑

l=1

bklblj

)
=
∑
k,l

aikbklclj

=
∑
l,k

aikbklclj

Both sides yield the same result.

Thus, associativity of the operation × is shown.
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The given 2× 2 matrix is a ring.

Definition 3.2.2: Unitary Ring

A unitary ring (or unital ring) is a ring R that contains a multiplicative identity

element 1 such that for all a ∈ R,

a× 1 = 1× a = a.

That is, a unitary ring has a multiplicative identity distinct from zero.

Definition 3.2.3: Commutative Ring

A commutative ring is a ring R where the multiplication operation is commutative,

meaning that for all a, b ∈ R,

a× b = b× a.

If a commutative ring also has a multiplicative identity, it is called a commutative

unitary ring or simply a commutative ring with unity.
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Congruences

4.1 Basics of Congruences

Congruences are a fundamental concept in number theory, primarily dealing with divisibility

properties and modular arithmetic. They provide a structured way to classify integers based

on their remainders when divided by a fixed integer.

Definition 4.1.1: Congruence Relation

Let a, b ∈ Z and m ∈ N. We say that a is congruent to b mod m, written as:

a ≡ b (mod m)

if and only if m divides the difference a− b, i.e.,

m | (a− b).

This means that a and b leave the same remainder when divided by m.

Example.

• 17 ≡ 5 (mod 6) because 17− 5 = 12 is divisible by 6.

• 23 ≡ 3 (mod 10) since 23− 3 = 20 is a multiple of 10.

• −7 ≡ 2 (mod 3) because −7− 2 = −9 is divisible by 3.

18
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Theorem 4.1.1

If a ≡ b (mod m) and c ≡ d (mod m), then

1. Addition is preserved: a+ c ≡ b+ d (mod m).

2. Subtraction is preserved: a− c ≡ b− d (mod m).

3. Multiplication is preserved: ac ≡ bd (mod m).

4. Exponentiation is preserved: an ≡ bn (mod m).

Proof. Since a ≡ b (mod m), there exists an integer k such that

a = b+ km.

Similarly, since c ≡ d (mod m), there exists an integer l such that

c = d+ lm.

1. Proof for Addition

Adding the two congruences,

a+ c = (b+ km) + (d+ lm)

= (b+ d) + (k + l)m.

Since (k + l)m is a multiple of m, we conclude that

a+ c ≡ b+ d (mod m).

2. Proof for Subtraction

Subtracting the congruences,

a− c = (b+ km)− (d+ lm)

= (b− d) + (k − l)m.

Since (k − l)m is a multiple of m, we get

a− c ≡ b− d (mod m).

3. Proof for Multiplication

Multiplying the two expressions,

ac = (b+ km)(d+ lm)

= bd+ blm+ dkm+ klm2.

Since blm+ dkm+ klm2 is a multiple of m, it follows that

ac ≡ bd (mod m).
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4. Proof for Exponentiation We use induction on n.

Base Case: For n = 1, we have a1 = a and b1 = b, so

a1 ≡ b1 (mod m),

which holds by assumption.

Inductive Step: Assume for some k ≥ 1 that

ak ≡ bk (mod m).

using the multiplication property, ak · a ≡ bk · b (mod m), it follows that

ak+1 ≡ bk+1 (mod m).

Thus, by induction, the statement holds for all n ≥ 1.

Theorem 4.1.2

If ra ≡ rb (mod m), then it follows that a ≡ b (mod m
gcd(m,r) ).

Proof. Given that ra ≡ rb (mod m), we have

m | r(a− b)

which implies that there exists some integer k such that

r(a− b) = km.

Define d = gcd(m, r). Since d divides both m and r, we can write:

m = dm1, r = dr1

for some integers m1 and r1, where gcd(m1, r1) = 1.

Rewriting the congruence condition in terms of these factors

dr1(a− b) = kdm1.

Dividing both sides by d gives

r1(a− b) = km1.

Since gcd(r1,m1) = 1, r1 is coprime to m1, which implies that m1 must divide a−b, i.e.,

a− b ≡ 0 (mod m1).

Thus, we conclude

a ≡ b (mod
m

gcd(m, r)
).
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Corollary 4.1.1

If ra ≡ rb (mod m) and gcd(r,m) = 1, then it follows that a ≡ b (mod m). This is

also called the Cancellation Law.

4.2 Equivalence Relations and Equivalence Classes

An equivalence relation on a set S is a binary relation ∼ that satisfies the following three

properties:

1. Reflexivity: For all elements a ∈ S, a ∼ a. This means every element is related to

itself.

2. Symmetry: For all a, b ∈ S, if a ∼ b, then b ∼ a. This means the relation is mutual.

3. Transitivity: For all a, b, c ∈ S, if a ∼ b and b ∼ c, then a ∼ c. This means the

relation can be ”passed” from one element to another.

If a relation ∼ on S satisfies all three properties, it is called an equivalence relation.

Given an equivalence relation ∼ on a set S, the equivalence class of an element a ∈ S is

the set of all elements in S that are equivalent to a. The equivalence class of a is denoted

by

[a] = {b ∈ S : b ∼ a}

This equivalence class consists of all elements b that are related to a under the equivalence

relation.

Equivalence relations induce a partition of the set S into disjoint equivalence classes. In

other words, the set S can be decomposed into distinct subsets, where each subset consists

of elements that are equivalent to each other. Each element of S belongs to exactly one

equivalence class.

4.3 Congruences as an Equivalence Relation

Proof. We verify that the congruence relation satisfies the three properties of reflexivity,

symmetry, and transitivity.

1. Reflexivity: For any integer a ∈ Z, we have

a− a = 0,

and since m | 0 for all m, we conclude that

a ≡ a (mod m).

Thus, the relation is reflexive.
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2. Symmetry: If a ≡ b (mod m), then by definition, m | (a − b). Since m | (a − b)

implies m | (b− a) (because b− a = −(a− b)), we conclude that

b ≡ a (mod m).

Thus, the relation is symmetric.

3. Transitivity: If a ≡ b (mod m) and b ≡ c (mod m), then by definition, m | (a − b)

and m | (b− c). Adding these two relations

(a− b) + (b− c) = a− c,

and since n divides both a− b and b− c, it follows that m | (a− c), and therefore

a ≡ c (mod m).

Thus, the relation is transitive.

Since congruence modulo n satisfies all three properties—reflexivity, symmetry, and transi-

tivity—it is an equivalence relation on Z.

An equivalence relation partitions a set into disjoint equivalence classes. a, b ∈ Z are in

the same equivalence class iff m | (a − b), which is equivalent to saying a and b have the

same remainder when divided by m. Since there are m possible remainders when divided

by m and the remainder is unique, there are exactly m equivalence classes.

The equivalence class of an integer a modulo m, denoted by [a]m, is defined as:

[a]m = {a+ km | k ∈ Z}.

This represents the set of all integers that are congruent to a modulo m, meaning they have

the same remainder when divided by m. Explicitly, this set includes:

[a]m = {a, a+m, a−m, a+ 2m, a− 2m, . . . }.

Each integer in this set belongs to the same equivalence class because their difference is

always a multiple of m.

For simplicity, the notation [a]m is often abbreviated as [a] or a, whenever the modulus m

is clear from the context. The set of all such equivalence classes modulo m is denoted by

Z/mZ, and it consists of the following m distinct classes:

Z/mZ = {[0], [1], [2], . . . , [m− 1]}.

Addition on Z/mZ

For a, b ∈ Z/mZ, addition is defined as:

a+ b = a+ b.
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Example in Z/5Z:
3 + 4 = 7 = 2.

Multiplication on Z/mZ

Multiplication is defined as:

a · b = a · b.

Example in Z/5Z:
3 · 4 = 12 = 2.

Proposition 4.3.1

Z/mZ is a commutative ring with identity.

Proof. First, we want to show that (Z/mZ,+) is an Abelian Group.

1. Closure

For any a, b ∈ Z/mZ, their sum is:

a+ b = a+ b.

Since a+ b is an integer, a+ b ∈ Z/mZ, so the set is closed under addition.

2. Associativity

For any a, b, c ∈ Z/mZ:

(a+ b) + c = (a+ b) + c = (a+ b) + c.

Since addition in Z is associative:

(a+ b) + c = a+ (b+ c) = a+ (b+ c).

3. Identity Element

The element 0 is the additive identity since:

a+ 0 = a+ 0 = a.

4. Additive Inverses

For each a ∈ Z/mZ, the element −a satisfies:

a+−a = a+ (−a) = 0.

5. Commutativity

For any a, b ∈ Z/mZ:
a+ b = a+ b = b+ a = b+ a.

Now we need to show that (Z/mZ,+,×) is a Commutative Ring with Identity.

1. Closure under Multiplication
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For any a, b ∈ Z/mZ, we define multiplication as:

a× b = a× b.

Since a× b is an integer, a× b ∈ Z/mZ, so the set is closed under multiplication.

2. Associativity of Multiplication

For any a, b, c ∈ Z/mZ:

(a× b)× c = (a× b)× c = (a× b)× c.

Since multiplication in Z is associative:

(a× b)× c = a× (b× c) = a× (b× c).

3. Distributive Property

For all a, b, c ∈ Z/mZ:

a× (b+ c) = a× (b+ c) = a× (b+ c).

By the distributive law in Z:

a× (b+ c) = a× b+ a× c = a× b+ a× c.

4. Commutativity of Multiplication

For any a, b ∈ Z/mZ:
a× b = a× b = b× a = b× a.

5. Multiplicative Identity

The element 1 is the multiplicative identity since:

a× 1 = a× 1 = a.

Since (Z/mZ,+,×) satisfies all the axioms of a commutative ring with identity, it forms a

commutative ring with identity.
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Definition 4.3.1: Unit in Z/nZ

An element a ∈ Z/nZ is called a unit if there exists b ∈ Z/nZ such that

a× b = 1.

Equivalently, a is a unit if and only if a has a multiplicative inverse modulo n,

meaning there exists an integer b such that

a× b ≡ 1 (mod n).

This is true if and only if gcd(a, n) = 1, meaning a is coprime to n.

The set of all units in Z/nZ forms a group under multiplication, denoted by

(Z/nZ)×

Example.

Consider Z/6Z = {0, 1, 2, 3, 4, 5}.
The element 5 is a unit because gcd(5, 6) = 1, and its inverse is 5 itself since:

5× 5 ≡ 25 ≡ 1 (mod 6).

The element 2 is not a unit because gcd(2, 6) = 2 ̸= 1, meaning 2 does not have an

inverse modulo 6.

Thus, 5 is a unit in Z/6Z, but 2 is not.

4.4 Linear Congruences

Definition 4.4.1: Linear Congruence

A linear congruence is a congruence of the form

ax ≡ b (mod n),

Theorem 4.4.1: Existence and Number of Solutions of a Linear

Congruence

The linear congruence

ax ≡ b (mod m)

has a solution if and only if d | b, where d = gcd(a,m). Furthermore, if d | b, then
the congruence has exactly d mutually incongruent solutions modulo m.

Proof. ( =⇒ )
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Suppose x0 is a solution to the congruence, i.e.,

ax0 ≡ b (mod m).

This means that m divides ax0 − b, so there exists some integer y0 such that:

ax0 − b = my0.

Since d = gcd(a,m), we know d divides both a and m. Therefore, d must also divide the

right-hand side of the equation:

d | (ax0 −my0).

Thus, d | b, proving the necessary condition.

( ⇐= )

Since d | b, we can write b = dc for some integer c. By Bézout’s identity, there exist integers

x0 and y0 such that:

ax0 −my0 = d.

Multiplying both sides by c = b
d , we obtain:

a(cx0)−m(cy0) = b.

Setting x′ = cx0, we see that x′ is a solution:

ax′ ≡ b (mod m).

Thus, at least one solution exists.

Number of distinct solutions

Now, suppose x0 and x1 are two solutions to the congruence:

ax0 ≡ b (mod m), ax1 ≡ b (mod m).

Subtracting these two congruences:

a(x0 − x1) ≡ 0 (mod m).

This means m divides a(x0 − x1), i.e.,

m | a(x0 − x1).

Dividing by d, we get:
m

d
| a
d
(x0 − x1).

Since gcd(a/d,m/d) = 1, it follows that:

m

d
| (x0 − x1).
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Thus, any two solutions differ by a multiple of m/d, meaning the solutions are of the form:

xk = x0 + k
m

d
, for k = 0, 1, 2, . . . , d− 1.

Since these values are distinct modulo m, there are exactly d incongruent solutions.

Corollary 4.4.1

If a & m are coprime, then ax ≡ b (mod m) has exactly one solution.

The following is equivalent to Corollary 4.4.1,

Corollary 4.4.2

Define the map:

φa : Z/mZ → Z/mZ

such that

φa(x) = ax (mod m).

This map is bijective if and only if gcd(a,m) = 1.

Proof. Injectivity

To prove injectivity, suppose φa(x1) = φa(x2), i.e.,

ax1 ≡ ax2 (mod m).

Rearranging, we get:

a(x1 − x2) ≡ 0 (mod m).

This means that m divides a(x1 − x2), i.e.,

m | a(x1 − x2).

If gcd(a,m) = 1, then a has a multiplicative inverse modulo m, so we can cancel a from

both sides, giving:

x1 ≡ x2 (mod m).

Thus, φa is injective.

Surjectivity

∃ ax0 +my0 = 1 (From Bézout’s Identity)

Choose b ∈ Z/mZ
abx0 +myb = b

Reduce mod m

abx0 (mod m) = b (mod m)

x = bx0 gives φa(x) ≡ b (mod m)
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In other sense,

Since Z/mZ is a finite set of m elements, an injective function must also be surjective.

Hence, φa is bijective when gcd(a,m) = 1.

If d = gcd(a,m) > 1, then a and m share a common divisor. In this case, the equation

ax ≡ b (mod m) does not have a solution for all b, meaning φa is not surjective. This shows

that φa fails to be bijective. Thus, φa is bijective if and only if gcd(a,m) = 1.

Proposition 4.4.1

An element a in Z/mZ is a unit if and only if gcd(a,m) = 1.

Proof. ( =⇒ )

φa(x) ≡ ax (mod m), φa is surjective.

∀ b ∈ Z/mZ, x : ax0 ≡ b (mod m)

Take b = 1

ax0 = 1 (mod n)

∃ y0 : ax0 −my0 = 1

∴ gcd (a,m) = 1

(From Bézout’s Identity)

( ⇐= )

if m = p (prime)

∀ a ∈ Z/mZ

gcd (a,m) = 1 =⇒ a is a unit,

meaning a ̸= 0 has a multiplicative inverse.

Theorem 4.4.2

If p is a prime number, then the ring Z/pZ is a field.

Proof. If p is prime, then for all a ̸= 0 ∈ Z/pZ, we have gcd(a, p) = 1. Hence, each nonzero

a ∈ Z/pZ has a multiplicative inverse.

So Z/pZ is a division ring, which is also commutative as previously proven.

∴ Z/pZ is a field.

Z/pZ is an example of a finite field.

Theorem 4.4.3: Wilson’s Theorem

Let p be a prime number. Then,

(p− 1)! ≡ −1 (mod p).
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Proof. ( =⇒ )

For a prime p, the set {1, 2, . . . , p− 1} forms a multiplicative group under modulo p arith-

metic, meaning each integer a has a unique modular inverse a−1 such that:

a · a−1 ≡ 1 (mod p).

Each element a in {1, 2, . . . , p− 1} can be paired with its inverse a−1, except for those that

are their own inverses

a2 ≡ 1 (mod p).

Which means, p | a2 − 1 =⇒ p | (a+ 1)(a− 1)

Which implies either p | (a+ 1) or p | a− 1

∴ a = ±1 (mod p)

Multiply 1, 2 . . . p− 2 to get

(p− 2)! ≡ 1 (mod p)

Multiply by p− 1 to get

(p− 1)! ≡ p− 1 (mod p) ≡ −1 (mod p)

( ⇐= )

Conversely assume p has a non-trivial divisor d

We have (p− 1)! ≡ −1 (mod p) =⇒ (p− 1)! ≡ −1 (mod d)

We also have (p− 1)! ≡ 0 (mod d)

But d cannot be 1 as it is a non-trivial solution. Thus this is a contradiction, implying that

p is a prime.

Theorem 4.4.4: Fermat’s Little Theorem

Let p be a prime number. Then for any integer a such that p does not divide a, we

have:

ap−1 ≡ 1 (mod p).

Equivalently, for any integer a, we have

ap ≡ a (mod p).

Proof.

φa : Z/mZ → Z/mZ

such that

φa(x) = ax (mod p).

This map is a bijection.

Consider the set of integers {1, 2, . . . , p−1}, which forms a complete set of nonzero residues

modulo p. Since a is coprime to p, multiplication by a permutes these elements modulo p.
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Thus, multiplying each element by a gives

a · 1, a · 2, . . . , a · (p− 1).

Since this is just a rearrangement of the same elements modulo p, we obtain

(a · 1) · (a · 2) · · · · · (a · (p− 1)) ≡ (1 · 2 · · · · · (p− 1)) (mod p)

Rewriting the right-hand side

ap−1(1 · 2 · · · · · (p− 1)) ≡ ·(1 · 2 · · · · · (p− 1)) (mod p).

Since (p− 1)! is nonzero modulo p, we cancel it out, yielding

ap−1 ≡ 1 (mod p).

This completes the proof.

Definition 4.4.2: Carmichael Numbers

Carmichael numbers are composite numbers that falsely satisfy Fermat’s Little The-

orem.

Example.

The smallest Carmichael number is:

561 = 3× 11× 17.

Other examples include:

1105 = 5× 13× 17, 1729 = 7× 13× 19, 2465 = 5× 17× 29.

Definition 4.4.3: Euler’s Theorem

Euler’s Theorem is a generalization of Fermat’s Little Theorem. It states that:

aφ(n) ≡ 1 (mod n), for any integer a such that gcd(a, n) = 1.

Here, φ(n) is Euler’s totient function, which counts the number of integers from 1

to n that are coprime to n.

φ(n) = #{0 ≤ m ≤ n : gcd (m,n) = 1}

Proof. The set of integers that are coprime to n modulo n forms a multiplicative group

A = {a1, a2, . . . , aφ(n)}, where gcd(ai, n) = 1 for all ai.
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A→ A, φa(x) = ax (mod n)

Since gcd(a, n) = 1, multiplication by a preserves coprimality. That is, the new set

A′ = {aa1, aa2, . . . , aaφ(n)} (mod n)

is simply a permutation of A.

Since A′ is just a rearrangement of A, their products must be congruent modulo n

a1a2 · · · aφ(n) ≡ (aa1)(aa2) · · · (aaφ(n)) (mod n).

Factoring out aφ(n) from the right-hand side

a1a2 · · · aφ(n) ≡ aφ(n) · (a1a2 · · · aφ(n)) (mod n).

Since x1x2 · · ·xφ(n) is coprime to n, we can cancel it

1 ≡ aφ(n) (mod n) =⇒ aφ(n) ≡ 1 (mod n)

Thus, we have proved Euler’s Theorem.

Definition 4.4.4: Euler’s Totient Function

Euler’s totient function, denoted φ(n), counts the number of positive integers less

than or equal to n that are coprime to n. In other words, φ(n) counts how many

integers between 1 and n share no common factors with n other than 1.

The Euler totient function φ(n) is defined by the following properties

• For a prime p

φ(p) = p− 1.

• For a prime power pα

φ(pα) = pα − pα−1.

Proof. Let p be a prime and α a positive integer. We aim to prove the formula for

Euler’s totient function for a prime power pα, that is:

φ(pα) = pα − pα−1.

The total number of integers from 1 to pα is pα.

The numbers divisible by p are p, 2p, 3p, . . . , pα−1p, and there are pα−1 such numbers.

The numbers that are not divisible by p are the integers that are coprime with pα.

Therefore, the number of integers from 1 to pα that are coprime to pα is

pα − pα−1.

This completes the proof.
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• If gcd(m,n) = 1, then φ is multiplicative:

φ(mn) = φ(m)φ(n).

Proof. The group of units modulo mn, denoted as U(Z/mnZ), consists of integers

modulo mn that are coprime to mn.

By the Chinese Remainder Theorem, we have an isomorphism:

Z/mnZ ∼= Z/mZ× Z/nZ.

Taking the group of units on both sides, we get

U(Z/mnZ) ∼= U(Z/mZ)× U(Z/nZ).

Since the groups U(Z/mnZ) and U(Z/mZ)×U(Z/nZ) are isomorphic, they must have

the same number of elements. That is,

|U(Z/mnZ)| = |U(Z/mZ)| · |U(Z/nZ)|.

By definition, the size of these groups corresponds to Euler’s totient function

φ(mn) = φ(m)φ(n).

• If a | b, then the totient function satisfies:

φ(a) | φ(b).

General Formula for Euler’s Totient Function

There is a general formula

φ(n) = n

k∏
i=1

(
1− 1

pi

)
,

where p1, p2, . . . , pk are the distinct prime factors of n.

Proof. As we have proved before, the number of integers that are coprime to pα is

φ(pα) = pα − pα−1 = pα
(
1− 1

p

)
.

Now, let n be a general integer with the prime factorization

n = pα1
1 pα2

2 . . . pαk

k .

Using the multiplicativity of φ(n), we have

φ(n) = φ(pα1
1 )φ(pα2

2 ) . . . φ(pαk

k ).
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Now, we substitute φ(pα)

φ(n) =

(
pα1
1

(
1− 1

p1

))
×
(
pα2
2

(
1− 1

p2

))
× · · · ×

(
pαk

k

(
1− 1

pk

))
.

Rearranging the terms

φ(n) = (pα1
1 pα2

2 . . . pαk

k )×
(
1− 1

p1

)
×
(
1− 1

p2

)
× · · · ×

(
1− 1

pk

)
.

Since n = pα1
1 pα2

2 . . . pαk

k , we obtain:

φ(n) = n

k∏
i=1

(
1− 1

pi

)
.

We can write φ(n) as a product

φ(n) = n
∏
p|n

(
1− 1

p

)
over primes. Using this identity, we have

φ(mn) = mn
∏
p|mn

(
1− 1

p

)
= mn

∏
p|m

(
1− 1

p

)∏
p|n

(
1− 1

p

)
∏

p|d

(
1− 1

p

) = φ(m)φ(n)
d

φ(d)

Definition 4.4.5: Group of Units

The group of units of the ring Z/nZ, denoted by (Z/nZ)×, is the set of all integers

modulo n that have a multiplicative inverse. That is,

(Z/nZ)× = {ā ∈ Z/nZ | gcd(a, n) = 1}.

This set forms a group under multiplication modulo n.
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Example.

Consider n = 12. The elements of Z/12Z are

Z/12Z = {0̄, 1̄, 2̄, 3̄, 4̄, 5̄, 6̄, 7̄, 8̄, 9̄, 1̄0, 1̄1}.

To find (Z/12Z)×, we need to select elements that have a multiplicative inverse, i.e.,

numbers that are coprime to 12.

The numbers less than 12 that are coprime to 12 are:

{1, 5, 7, 11}.

These numbers form the group (Z/12Z)× under multiplication modulo 12.

• 1 mod 12 is its own inverse.
• 5× 5 ≡ 25 ≡ 1 (mod 12), so 5−1 ≡ 5.

• 7× 7 ≡ 49 ≡ 1 (mod 12), so 7−1 ≡ 7.

• 11× 11 ≡ 121 ≡ 1 (mod 12), so 11−1 ≡ 11.

Thus, the group (Z/12Z)× consists of {1, 5, 7, 11}, which has 4 elements.

The Euler totient function, φ(n), counts the number of integers between 1 and n that

are coprime to n.

Since (Z/nZ)× consists of elements that are coprime to n, the order of this group is

given by

|(Z/nZ)×| = ϕ(n).
For n = 12, we compute

ϕ(12) = 12

(
1− 1

2

)(
1− 1

3

)
= 12× 1

2
× 2

3
= 4.

This matches the number of elements in (Z/12Z)×.

From now on, we will use U(Z/MZ) notation for group of units.

U(Z/MZ) ∼= U(Z/m1Z)× · · · × U(Z/mkZ)

φ(M) = |U(Z/MZ)|

Application of Euler’s Theorem

ax ≡ 1 (mod n)

ax ≡ b (mod n)

gcd(a, n) = 1
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We want to derive the formula

x ≡ baφ(n)−1 (mod n)

Since gcd(a, n) = 1, the integer a has a multiplicative inverse modulo n, meaning there

exists some a−1 such that

aa−1 ≡ 1 (mod n)

From Euler’s theorem, we know

aϕ(n) ≡ 1 (mod n)

Multiplying both sides by a−1, we obtain

aϕ(n)−1 ≡ a−1 (mod n).

Thus, the inverse of a is

a−1 ≡ aφ(n)−1 (mod n).

Multiplying both sides by a−1, we get

x ≡ b · a−1 (mod n)

a−1 ≡ aϕ(n)−1 (mod n),

we obtain

x ≡ b · aφ(n)−1 (mod n).

Thus, we have derived the desired result:

x ≡ baφ(n)−1 (mod n).

4.5 The Chinese Remainder Theorem

Definition 4.5.1: The Chinese Remainder Theorem

If gcd (m,n) = 1 & u, v ∈ N such that mu− nv = 1 then

x ≡ a (mod m)

x ≡ b (mod n)

has solution x = bmu− anv and the solution is unique modulo mn.

Proof. We are given that gcd(m,n) = 1, which implies that the integers m and n are

coprime. By the properties of linear Diophantine equations, there exist integers u and v
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such that

mu− nv = 1

Now, consider the expression x = bmu − anv, where b and a are the residues in the

system of congruences. We want to show that this satisfies both congruences.

We first check the congruence x ≡ b (mod n). We compute

x = bmu− anv

Taking this modulo n, we get

x (mod n) = (bmu− anv) (mod n)

Since mu ≡ 1 (mod n) by the assumption mu− nv = 1, we have

x (mod n) = b · 1− a · 0 ≡ b (mod n)

Thus, x ≡ b (mod n), as required.

Now, we check the congruence x ≡ a (mod m). We compute

x = bmu− anv

Taking this modulo m, we get

x (mod m) = (bmu− anv) (mod m)

Since nv ≡ 1 (mod m) (again, by the assumption mu− nv = 1), we have

x (mod m) = b · 0− a · 1 ≡ a (mod m)

Thus, x ≡ a (mod m), as required.

Suppose there is another solution y that satisfies both congruences

y ≡ a (mod m)

y ≡ b (mod n)

This implies

x ≡ y (mod m) and x ≡ y (mod n)

We now show that x = y (mod mn). From the fact that x ≡ y (mod n), we know that

n | (x− y)

Similarly, from x ≡ y (mod m), we know that

m | (x− y)

Thus, x− y is divisible by both m and n. Since gcd(m,n) = 1, by the Chinese Remainder
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Theorem, we conclude that

mn | (x− y)

Therefore, x ≡ y (mod mn), proving the uniqueness of the solution modulo mn.

We now will try to simplify an expression.

x = (10273 + 55)37 mod 111

To solve this, we will first break down the expression using moduli 3, 37, and 111, and then

combine the results using the Chinese Remainder Theorem.

We start by analyzing the powers of 102 and 55 modulo 3.

• 102 mod 3

Since 102 = 3× 34, we have 102 ≡ 0 mod 3.

• 55 mod 3

Similarly, 55 = 3× 18 + 1, so 55 ≡ 1 mod 3.

Now, let’s compute 10273 + 55 mod 3.

Since 102 ≡ 0 mod 3, we know that 10273 ≡ 073 = 0 mod 3

Thus, we have

10273 + 55 ≡ 0 + 1 = 1 mod 3

Finally, we have

x ≡ 137 = 1 mod 3

So, x ≡ 1 mod 3, which matches the result given in the problem.

Next, let’s compute 10273 mod 37.

• 102 mod 37

We first reduce 102 modulo 37

102÷ 37 = 2 with remainder 102− 37× 2 = 102− 74 = 28.

So, 102 ≡ 28 mod 37.

Now, we need to compute 10273 mod 37, which is equivalent to 2873 mod 37.

By Fermat’s Little Theorem, since 37 is prime, we know that

2836 ≡ 1 mod 37.

Therefore, we reduce the exponent 73 modulo 36

73÷ 36 = 2 with remainder 73− 36× 2 = 73− 72 = 1.

Thus, we have

2873 ≡ 281 = 28 mod 37.

So, we conclude that

10273 ≡ 28 mod 37.
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Now, let’s compute (10273 + 55)37 mod 37.

We already know that 10273 ≡ 28 mod 37.

• 55 mod 37

We calculate 55 mod 37 by subtracting

55− 37 = 18, so 55 ≡ 18 mod 37.

Thus, we have

10273 + 55 ≡ 28 + 18 = 46 mod 37

Now reduce 46 mod 37

46− 37 = 9, so 10273 + 55 ≡ 9 mod 37.

Now, we compute 937 mod 37.

By Fermat’s Little Theorem , since 37 is prime, we know that:

936 ≡ 1 mod 37.

Thus

937 = 936 × 9 ≡ 1× 9 = 9 mod 37.

So, we conclude

(10273 + 55)37 ≡ 9 mod 37.

Now, we need to compute the final expression modulo 111. We use the fact that 111 = 3×37,

so we can apply the Chinese Remainder Theorem to combine the results we found modulo

3 and modulo 37.

We already know

x ≡ 1 mod 3

x ≡ 9 mod 37

We now solve this system of congruences

x ≡ 1 mod 3

x ≡ 9 mod 37

37 · 1− 3 · 12 = 1, so

x ≡ 37 · 1 · 1− 3 · 12 · 9 (mod 37 · 3) = −65 (mod 111) = 46 (mod 111)

Thus, the solution to the given expression is

x ≡ 46 mod 111.
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Definition 4.5.2: Ring Homomorphism

Let R and S be two rings. A function f : R → S is called a ring homomorphism if

it satisfies the following properties

1. Preservation of addition: For all a, b ∈ R, we have

f(a+R b) = f(a) +S f(b).

2. Preservation of multiplication: For all a, b ∈ R, we have

f(a×R b) = f(a)×S f(b).

3. Preservation of the multiplicative identity: If 1R is the multiplicative

identity in R, then

f(1R) = 1S ,

where 1S is the multiplicative identity in S.

If the ring homomorphism f : R → S is also bijective, then f is called a ring

isomorphism. In this case, R and S are said to be isomorphic as rings, and we

write

R ∼= S.

Chinese Remainder Theorem with Ring Isomorphism

Let m,n be two coprime integers, i.e., gcd(m,n) = 1. Then, there exists a ring isomorphism

Z/mnZ ∼= Z/mZ× Z/nZ.

We define the mapping

φ : Z/mnZ → Z/mZ× Z/nZ

by

φ(x) = (x mod m,x mod n).

This function takes an integer modulo mn and maps it to its residues modulo m and n.

We now verify that φ is a ring homomorphism.

1. Addition Preservation:

φ(x+y) = ((x+y) mod m, (x+y) mod n) = (x mod m+y mod m,x mod n+y mod n) = φ(x)+φ(y).

2. Multiplication Preservation:

φ(xy) = (xy mod m,xy mod n) = ((x mod m)(y mod m), (x mod n)(y mod n)) = φ(x)·φ(y).
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Thus, φ is a ring homomorphism.

Injectivity

The kernel of φ consists of all x ∈ Z such that

(x mod m,x mod n) = (0, 0),

which means x is divisible by both m and n. Since m and n are coprime, this implies x is

divisible by their product mn. Thus,

ker(φ) = mnZ.

By the First Isomorphism Theorem,

Z/ ker(φ) ∼= φ(Z/mnZ).

Since the codomain has the same number of elements as the domain, φ is injective.

Surjectivity

For any pair (a, b) ∈ Z/mZ× Z/nZ, we need to find an x such that

φ(x) = (a, b),

meaning

x ≡ a (mod m), x ≡ b (mod n).

By the Chinese Remainder Theorem, such an x always exists. Therefore, φ is surjective.

Since φ is a bijective ring homomorphism, it is a ring isomorphism. Thus, we conclude:

Z/mnZ ∼= Z/mZ× Z/nZ.

General Form of the Chinese Remainder Theorem

Let m1,m2, . . . ,mk be pairwise coprime positive integers, and let M = m1m2 · · ·mk. Then,

the system of simultaneous congruences

x ≡ a1 (mod m1)

x ≡ a2 (mod m2)

...

x ≡ ak (mod mk)
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has a unique solution moduloM . That is, there exists an integer x satisfying all congruences,

and any two solutions are congruent modulo M .

Additionally, the ring isomorphism

Z/MZ ∼= Z/m1Z× Z/m2Z× · · · × Z/mkZ

follows from the Chinese Remainder Theorem. Under this isomorphism, the equivalence

class of x modulo M corresponds to the tuple

(x mod m1, x mod m2, . . . , x mod mk),

meaning

x mod M = (x mod m1, x mod m2, . . . , x mod mk).

This establishes a one-to-one correspondence between elements of Z/MZ and the product

Z/m1Z× · · · × Z/mkZ.

4.6 Polynomial Ring K[x]

Lemma 4.6.1

LetK[x] be a polynomial ring over the fieldK. If p(x) ∈ K[x] is a nonzero polynomial

of degree n, then p(x) has at most n distinct roots in K.

Proof. We proceed by induction on n.

For the base case n = 1, consider the polynomial

f(x) = a0 + a1x.

This is a linear polynomial and has at most one root, as required.

Now, assume that for a polynomial of degree n−1, the lemma holds. That is, any polynomial

of degree n− 1 has at most n− 1 distinct roots in K.

Now, consider a polynomial f(x) of degree n.

If f(x) has no roots in K, we are done. Otherwise, suppose α is a root of f(x). By the

division algorithm in K[x], we can write

f(x) = q(x)(x− α) + r(x),

where deg r < deg(x− α) = 1, so r(x) is a constant.

Since α is a root,

f(α) = 0 =⇒ q(α)(α− α) + r = 0 =⇒ r = 0.
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Thus,

f(x) = q(x)(x− α).

Since f(x) has degree n, it follows that q(x) has degree n− 1.

Now, assume f(x) has another root β with β ̸= α. Then,

f(β) = 0 =⇒ q(β)(β − α) = 0.

Since β ̸= α, we must have q(β) = 0, meaning β is a root of q(x).

By the induction hypothesis, q(x) (which has degree n− 1) has at most n− 1 roots. Since

α was already counted separately, f(x) has at most n roots.

Thus, by induction, the lemma holds for all n.

Corollary 4.6.1

Let f(x), g(x) ∈ K[x] be two polynomials of degree n. If f(αi) = g(αi) for (n + 1)

distinct α1, α2, . . . , αn+1 ∈ K, then f = g.

Proof. Define h(x) = f(x)− g(x). Then h(αi) = 0 for (n+ 1) distinct αi.

Since h(x) is a polynomial of degree n, it has at most n roots. But we have (n+ 1) roots.

Hence, it must be the case that h(x) = 0, which implies f = g.

Theorem 4.6.1

If p is prime, then

xp−1 − 1 ≡ (x− 1)(x− 2) · · · (x− (p− 1)) (mod p).

Proof. Let K = Z/pZ. Then we know that K is a field.

Let f(x) ∈ K[x]

f(x) = xp−1 − 1− (x− 1)(x− 2) · · · (x− (p− 1)).

Since f(x) is defined this way, it has degree less than (p− 1).

By Fermat’s Little Theorem, we know

xp−1 − 1 = 0, for all x ∈ {1, 2, . . . , p− 1}.

Thus,

f(x) = 0, for all x ∈ {1, 2, . . . , p− 1}.

Since f(x) is a polynomial of degree less than (p− 1) but has (p− 1) roots, it must be the

zero polynomial.

Therefore,

0 = xp−1 − 1− (x− 1)(x− 2) · · · (x− (p− 1)).

Rewriting this in terms of congruence, we get

xp−1 − 1 ≡ (x− 1)(x− 2) · · · (x− (p− 1)) (mod p).
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Corollary 4.6.2

Let p be prime and set x = 0 in the above theorem to get

(p− 1)! ≡ −1 (mod p)

which is the Wilson’s Theorem.

Proposition 4.6.1

If d | p− 1, then xd ≡ 1 (mod p) has exactly d solutions in Z/pZ.

Proof. We consider the polynomial

f(x) = xp−1 − 1

in the ring Z/pZ[x]. We can express it in terms of its coefficients as

f(x) = a0 + a1x+ a2x
2 + · · ·+ anx

n,

where a1 ∈ Z/pZ.
Since we are in Z/pZ, we know from Fermat’s theorem that for any a ̸= 0 in Z/pZ,

ap−1 ≡ 1 (mod p).

Thus, the equation xp−1 ≡ 1 (mod p) has exactly p− 1 roots.

We assume d | (p− 1), meaning there exists an integer d′ such that

dd′ = p− 1.

Now, consider the polynomial division

xp−1 − 1

xd − 1
=
xdd

′ − 1

xd − 1
.

Let y = xd, then the expression simplifies to

yd
′ − 1

y − 1
.

Using the factorization,

yd
′ − 1

y − 1
= (y − 1)

1 + y + y2 + · · ·+ yd
′−1

y − 1
= 1 + y + y2 + · · ·+ yd

′−1.

Substituting y = xd, we define

g(x) = 1 + xd + (xd)2 + · · ·+ (xd)d
′−1.
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The polynomial g(x) has degree d(d′ − 1), simplifying to

deg(g(x)) = p− 1− d.

Since f(x) has p− 1 roots in Z/pZ, we write

f(x) = g(x)(xd − 1).

Reducing modulo p, we obtain

f(x) ≡ g(x)(xd − 1) (mod p).

Since f(x) has exactly p− 1 roots, the product g(x)(xd − 1) also has p− 1 roots. Since g(x)

has at most p− 1− d roots, it follows that xd − 1 must have exactly d roots in Z/pZ.

4.7 Primitve Roots & Quadratic Residues

Cayley Table for U(Z/5Z)

The group of units of Z/5Z, denoted as U(Z/5Z), consists of the nonzero elements of Z/5Z
under multiplication modulo 5. The elements are {1, 2, 3, 4}, and we construct the Cayley

table for multiplication modulo 5:

× 1 2 3 4

1 1 2 3 4

2 2 4 1 3

3 3 1 4 2

4 4 3 2 1

Cyclic Groups

Definition 4.7.1: Cyclic Group

A group G is called cyclic if there exists an element g ∈ G such that every element of

G can be written as gk for some integer k. Such an element g is called a generator

of the group.
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Example.

For example, in U(Z/5Z), the elements 2 and 3 generate the entire group

21 ≡ 2 (mod 5), 22 ≡ 4 (mod 5), 23 ≡ 3 (mod 5), 24 ≡ 1 (mod 5),

31 ≡ 3 (mod 5), 32 ≡ 4 (mod 5), 33 ≡ 2 (mod 5), 34 ≡ 1 (mod 5).

However, 4 is not a generator, since

41 ≡ 4 (mod 5), 42 ≡ 16 ≡ 1 (mod 5).

Primitive Roots Modulo p

Definition 4.7.2: Primitive Root Modulo p

A number g is called a primitive root modulo p if the smallest integer k such that

gk ≡ 1 (mod p) is exactly φ(p) = p−1, meaning g generates the entire multiplicative

group U(Z/pZ).

Example.

For example, in U(Z/5Z), the numbers 2 and 3 are primitive roots since they generate

all elements of the group.

The unit group U(Z/4Z) consists of the elements {1, 3} under multiplication modulo 4

31 ≡ 3 (mod 4), 32 ≡ 9 ≡ 1 (mod 4)

Since 3 has order 2 (not 2, which is |U(Z/4Z)|), it is not a generator. Therefore, U(Z/4Z)
is not cyclic.

Similarly, for U(Z/8Z) = {1, 3, 5, 7}, we compute the orders

31 ≡ 3 (mod 8), 32 ≡ 9 ≡ 1 (mod 8)

51 ≡ 5 (mod 8), 52 ≡ 25 ≡ 1 (mod 8)

71 ≡ 7 (mod 8), 72 ≡ 49 ≡ 1 (mod 8)

Since all elements have order 2, there is no generator. Hence, U(Z/8Z) is not cyclic.
Some notions regarding order

• Let G be a group and g ∈ G. The order of g, denoted by ord(g), is the smallest

positive integer d such that

gd = e
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where e is the identity element of the group. If no such d exists, we say that g has

infinite order.

• If an element has order equal to the size of the group, it generates the entire group.

• For cyclic groups, there exists at least one element whose order is the same as the

group order.

U(Z/pZ) is cyclic if p is prime.

Proof. Left as an exercise.

Solvability of xm ≡ b (mod n)

We investigate when the equation

xm ≡ b (mod n)

has a solution.

If n is a prime p, then the equation

xm ≡ b (mod p)

has a solution if

• m | (p − 1), ensuring that exponentiation by m stays within the cyclic structure of

U(Z/pZ).

• b = 1, which always admits a solution (e.g., x = 1).

Solvability of ax ≡ b (mod n)

The linear congruence

ax ≡ b (mod n)

has a solution if and only if gcd(a, n) divides b.
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Quadratic Reciprocity

The Law of Quadratic Reciprocity is a fundamental result in number theory that reveals a

deep symmetry in quadratic residues. First proved by Gauss, it relates the solvability of

x2 ≡ p (mod q) to that of x2 ≡ q (mod p), where p and q are distinct odd primes.

Consider the quadratic congruence

x2 ≡ a (mod p).

Example.

p = 3, a = 2

We check for solutions to

x2 ≡ 2 (mod 3).

Testing x ∈ {0, 1, 2}:

• x = 0 ⇒ 02 ≡ 0 ̸≡ 2 (mod 3).

• x = 1 ⇒ 12 ≡ 1 ̸≡ 2 (mod 3).

• x = 2 ⇒ 22 ≡ 4 ≡ 1 ̸≡ 2 (mod 3).

Thus, x2 ≡ 2 (mod 3) has no solutions.

Solving x2 ≡ 1 (mod 3)

Now, we solve

x2 ≡ 1 (mod 3).

Checking x ∈ {0, 1, 2}

• x = 1 ⇒ 12 ≡ 1 (mod 3) (solution).

• x = 2 ⇒ 22 ≡ 4 ≡ 1 (mod 3) (solution).

Thus, x2 ≡ 1 (mod 3) has solutions x ≡ 1, 2 (mod 3).

47
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5.1 Quadratic Residues

Definition 5.1.1: Quadratic Residue

Let p be an odd prime, and a be an integer with gcd (a, p) = 1.

We call a a quadratic residue modulo p if

x2 ≡ a (mod p)

has a solution.

For a prime p, we determine the quadratic residues (QR) and quadratic non-residues

(QNR).

Case: p = 5

The quadratic residues modulo 5 are given by solving x2 ≡ a (mod 5)

x2 ≡ 1 (mod 5) ⇒ x = ±1

x2 ≡ 4 (mod 5) ⇒ x = ±2

Thus, the quadratic residues modulo 5 are

{1, 4}

The quadratic non-residues are

{2, 3}

Case: p = 7

By computing x2 mod 7, we find

Quadratic residues (QR):

{1, 2, 4}

Quadratic non-residues (QNR):

{3, 5, 6}

Case: p = 11

Computing x2 mod 11, we get

Quadratic residues (QR):

{1, 3, 4, 5, 9}

Quadratic non-residues (QNR):

{2, 6, 7, 8, 10}
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Proposition 5.1.1

There are exactly p−1
2 quadratic residues modulo p.

Proof. Let p be an odd prime. We show that there are exactly p−1
2 distinct quadratic

residues modulo p.

The quadratic residues modulo p are the values of a2 mod p for integers a in the set

{1, 2, . . . , p− 1}.

Since squaring is a symmetric operation, we observe that

a2 ≡ (p− a)2 (mod p).

Thus, each quadratic residue appears at most twice.

To count the number of distinct quadratic residues, consider distinct values a, b ∈ {1, . . . , p−
1} such that

a2 ≡ b2 (mod p).

Rearranging gives

a2 − b2 ≡ 0 (mod p),

which factors as

(a− b)(a+ b) ≡ 0 (mod p).

Since p is prime, it must divide one of the factors

p | (a− b) or p | (a+ b).

This implies

a ≡ b (mod p) or a ≡ −b (mod p).

Since a, b are chosen from {1, 2, . . . , p − 1}, each quadratic residue corresponds to exactly

two values of a, namely a and p− a.

Since there are p− 1 values in the set {1, . . . , p− 1}, and each quadratic residue is counted

twice, the number of distinct quadratic residues is

p− 1

2
.
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